Chapter 1

Basic Definitions and Notations

“One cannot escape the feeling that these mathematical formulae have an independent existence and an
intelligence of their own, that they are wiser than we are, wiser even than their discoverers, that we get more
out of them than we originally put into them.”






Chapter 1 Basic Definitions and Notations

The term sequence has a great role in Analysis. Convergence of
sequences has always remained a subject of interest to the
mathematicians. ~ Several new types of convergence of sequences
appeared, many of them are analogous to the statistical convergence. The
concept of I-convergence gives a unifying approach to such type of
convergence. Statistical convergence has several applications in different
fields of Mathematics, Number Theory, Trigonometric Series,
Summability Theory, Probability Theory, Measure Theory, Optimization
and Approximation Theory. The notion of Ideal convergence corresponds

to a generalization of the statistical convergence.

Notations

N := The set of all natural numbers.
R := The set of all real numbers.

C := The set of all complex numbers.
lilgn : means lim .

k—o0

Sup : means sup.
k k>1

inf : means inf, unless otherwise stated.
k k>1

> : means summation over k = 1 to k = oo, unless otherwise

k
stated.

x := (x,), the sequence whose k'™ term is x.
0 :=(0,0,0,.....), the zero sequence.

ex := (0,0,..,1,0,0,..), the sequence whose k' component is 1 and

others are zeroes, for all k¥ € N.
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Zweier I-Convergent Sequence Spaces and Their Properties
e:=(1,1,1,1,...... ).
p := (px), the sequence of strictly positive reals.

w = {x = (xx) : & € R (or C)}, the space of all sequences, real
or complex.

l:{zew: ) |z < oo}
o
lo := {x € w : sup |x;| < oo}, the space of bounded sequences.
k
co:={rew: lilgn |zi| = 0}, the space of null sequences.

c={rew: h/in x =1, for some [ € C}, the space of convergent

sequences.

lsos Co, € are Banach spaces with the usual norm

]| = sup |-
k

li :={a = (ar) : > |xk| < oo}, the space of absolutely convergent
k

series.

Woo := {x € w :sup = Y |z < oo}, the space of strongly Cesaro-
n k

bounded sequences.

wy = {z € w:lim + Y |x;| = 0}, the space of strongly Cesaro-null
sequences. k

L ={rxew: ) |zlP <00}, 0 <p<o0.
ks

w, :={z € w:lim 3 |z, — | =0; forsome [ € C}.
n
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Chapter 1 Basic Definitions and Notations

In the case 1 < p < oo, the space [, and w, are Banach spaces normed
by

] = (Zwup);

k
and

n 1
1 P

= — p
|z = sup (n ;:1 || ) >

respectively. If 0 < p < 1, then [, and w, are complete p-normed spaces,

p-normed by
lzll =) lznl?
k
and
1 n
lzll = = > lewl”,
n
k
respectively.

The following subspaces of w were first introduced and discussed by
Maddox [56] and Simons [69];

I(p) :={zew: ) |zlP* < oo}
k
lo(p) = {x € w: sup |zx|P* < o0}.
k
clp) ={rcw: 1i]1€rn |z — [|P* =0, for some [ € C}.

co(p) ={rew: lillgrl |z |PE = 0}.
wnelp) = {z € w sup( 37 ) < oo},
ko k=1
w(p) :={z € w:lim(+ Y |z — I|P*) = 0, for some [ € C}.
" k=1
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Zweier I-Convergent Sequence Spaces and Their Properties
. 1 "
wo(p) :={r €w: llqgn(; 7 JxgPr) = 0}.
k=1

Let p = (px) be bounded. Then ¢((p) is a linear metric space paranormed
by:
PE
g1 (@) = sup g7,
where M = max(1l,suppg). lw(p) and c(p) are paranormed by g;(z)
k
defined above if and only if iI;f pr > 0. I(p) and w(p) are paranormed by:

1

g2() = (Z )"

Remark 1.1. If p;, = 1, for all k, then oo (p) = I, co(p) = co, c(p) = ¢,
l(p) =l and w(p) = w.

Definition 1.2. [48] A paranorm is a function g : X — R which satisfies
the following axioms: for any z,y, o € X, A\, Ay € C,

[i] g(x) =0if x = 0,
[ii] g(x) = g(—2);

[iii] g(z +y) < g(z) + 9(y);

[iv] the scalar multiplication is continuous, thatis A\ — g, z — xo imply

AT — Aoxo. In other words,

IA—=Xo] =0, g(x—x0) =0 imply g(Ax — Aoxg) — 0.

A paranormed space is a linear space X with a paranorm ¢ and it is
written as (X, g).

Any function g which satisfies all the conditions [i]-[iv] together with

the condition
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Chapter 1 Basic Definitions and Notations

[v] g(z) = 0if and only if z = 0,

is called a fotal paranorm on X and the pair (X,g) is called total

paranormed space.
Example 1.3. [, is totally paranormed for any p = (py) € loo.

Definition 1.4. [68] Let X and Y be two nonempty subsets of the space
w. Let A = (ank), (n, k =1,2,.....) be an infinite matrix with elements of

real or complex numbers.

We write

An(x) - Z AnkTi,

k
provided the series converges. Then Ax = (A,(x)) is called the

A-transform of x.

Also
lim Az = lim A,(x)

n—oo
whenever it exists [68]. If z € X implies Ax € Y, we say that A defines a
(matrix) transformation from X into Y and we denote itby A : X — Y.
By (X,Y’) we mean the class of matrices A that maps X into Y.

Definition 1.5. [58] A continuous function M : R — R is called convex

" M(u+v)§M(u)+M(v)

5 ,  forallu,v eR.

If in addition, the two sides of above are not equal for v # v, then we

call M to be strictly convex.

Definition 1.6. [55,58] A continuous function M : R — R is said to be

uniformly convex if for any € > 0 and any uy > 0 there exists 6 > 0 such
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Zweier I-Convergent Sequence Spaces and Their Properties

that

M<u—;—v) §(1—5)w, forallu,v € R

satisfying |u — v| > emax{|ul, [v|} > euy.

Remark 1.7. If M is convex function and M (0) = 0, then
M(Azx) < AM(x) forall A with 0 < A < 1.

Definition 1.8. An Orlicz function is a function M : [0,00) — [0, 00)
which is continuous, nondecreasing and convex with M (0) = 0,
M(x) > 0forz > 0and M(x) — oo, as x — oo.

If convexity of M is replaced by M (z +y) < M(z) + M (y), then it is
called a Modulus function, defined and discussed by Nakano [58], Ruckle
[62-64].

An Orlicz function M can always be represented in the following integral
form M (x) = [ n(t)dt, where n is known as the kernel of M, is right
differentiable for ¢ > 0, n(0) = 0, n(t) > 0, n is non-decreasing and
n(t) — oo ast — oo.

Lindenstrauss and Tzafriri [55] used the idea of Orlicz function to

construct the sequence space;

Ly = {xGw:ZM(@) < 00, for some p>0};

k=1 P

which is a Banach space with the norm
. N ||
|lz|[pr =inf S p>0: E M({— ) <1;.
p
k=1

Remark 1.9. An Orlicz function satisfies the inequality

M(Ax) < AM(z) forall Awith0 < A < 1.
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Chapter 1 Basic Definitions and Notations
For more details on Orlicz sequence spaces we refer to [55], [21-28].

Definition 1.10.  An Orlicz function M is said to satisfy the
Ay — condition (M € Ay for short) if there exist constant X' > 2 and
up > 0 such that

M2u) < KM (u)

whenever |u| < ug.

Definition 1.11. Let A = ()\;) be a sequence of non-zero scalars. Then
for E, a sequence space, The Multiplier Sequence E(A), associated with

the sequence A is defined as
Statistical convergence is a generalization of the usual notion of
convergence that parallels the usual theory of convergence. The concept

of Statistical convergence was first introduced by Fast [12] and also

independently by Schoenberg [67] for real and complex sequences.

Definition 1.12. [47] A sequence x = (xy) is called Statistically
Convergent to L if

1
lim —|{k: |z, — L| > e,k <n}| =0;
non
where the vertical bars indicate the number of elements in the set.

Remark 1.13. A sequence which converges statistically need not be

convergent.

Example 1.14. Define the sequence x = (x}) by

k, if k=n? n¢&N,
T =
0, otherwise ,
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Zweier I-Convergent Sequence Spaces and Their Properties

and let L = 0. Then

{keN:|z, —L| >e} C{1,4,9,16,.. Kk ..}

We have that
d{keN:|z— L| >€}) =0, forevery € > 0.

This implies that the sequence (z}) converges statistically to zero. But

the sequence (zy) does not converge to L.

Remark 1.15. A sequence which converges statistically need not be
bounded. c.f([5], [7-9], [11], [13], [21-28], [29-38], [39-46].)

Asymptotic and Logarithmic Density 1.16. If A C N, then x4 denotes
characteristic function of the set A, i.e.

xak)=1 if ke A

and
Put
1 n
d = —
o) = =3 xalk),
k=1
. 1 u XA(k)
on(A) = Sh Z ko
k=1
where
1
S, = —.
k
k=1

Then the numbers

d(A) =lim inf d,(A),

n—0o0
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Chapter 1 Basic Definitions and Notations

d(A) = lim sup d,(A),

n—o0

are called the lower and upper asymptotic density of A,

respectively(cf.[60],p.71). Similarly, the numbers

6(A) = lim inf 9,(A),

n—o0

d(A) = lim sup 0,(A),

n—00

are called the lower and upper logarithmic density of A, respectively. If

there exists
lim d,(A) = d(A),

n—oo
and
lim 0,(A) = d(A),

n—oo
then d(A) and §(A) are called the asymptotic and logarithmic density of A
respectively. It is well known fact, that for each A C N,

(4) <4(A) <9(A) < d(A).

[sH

Hence if d(A) exists, then 0(A) also exists and d(A) = 0(A). The
numbers d(A),d(A),d(A),5(A),5(A),5(A) belong to the interval [0,1].
Owing to the well known formula

n

Sp =

k=1

1
=Inn+vy+0(=),n— oo,
n

e

where + is the Eulers constant.

Definition 1.17. Let X # ¢. A class I C 2% of subsets of X is said to
be an Ideal in X if

[i]1 0 e I;

[ii] A,B € Iimply AUB € I,
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Zweier I-Convergent Sequence Spaces and Their Properties

liii] Ac,BC Aimply B € I.

An ideal is called non-trivial if X ¢ I while an admissible ideal I further
satisfies {x} € I for each z € X.

Definition 1.18. Let X # ¢. A non-empty class £ C 2% of subsets of X
is said to be Filter in X if

[i] 0 & £;
[ii] A,B € £Limply AN\ B € £;
[iii] A€ £,B D Aimply B € £,

The following Proposition expresses the relation between the notions of
Ideals and Filters.

Proposition 1.19. Let I be a non-trivial ideal in X, X # ¢. Then the
class

L) ={MCX:JAel:M=X - A},
is a filter on X.
The concept of statistical convergence and the study of similar type of
convergence lead to the introduction of the notion of I-convergence of

sequences. The notion gives a unifying look at many types of

convergence related to statistical convergence.

Definition 1.20. Let  be a non-trivial ideal in N. A sequence x = xj, of

real numbers is said to be I-convergent to £ € R if for every € > 0 the set

Ale) ={k: |x, — & > €} € I

If x = (zy) is I-convergent to £ we write [ — lim z;, = £ and the number
¢ is called the [-limit of x = (zy).
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Chapter 1 Basic Definitions and Notations

The concept of I-convergence satisfies some wusual axioms of

convergence listed below:

[i] Every stationary sequence x = (£,§,..... , ....... ) I-converges to &.

[ii] The uniqueness of limit: If / — limx = £ and I — limx = 7, then
§=1.
[iii] If 7 — limx = &, then for each subsequence y of x we have

I —limy =¢&.

[iv] If each subsequence y of a sequence x has a subsequence z

I-convergent to &, then x is I-convergent to &.
Examples of Ideals 1.21.

[i] Iy = (. This is the minimal non-empty non-trivial ideal in N. A

sequence is Iy convergent if and only if it is constant.

lii] Let ¢ # M C N, M # N. Letl;; = 2M. Then I, is a non trivial
ideal in N. A sequence = = (xy) is Ij,-convergent if and only if it is

constant on N-M.

[iii] Let /¢ denotes the class of all finite subsets of N. Then /¢ is an
admissible ideal in N and I;-convergence coincides with the usual

convergence in R.

[iv] Let
I, ={ACN:d(A) =0}

Then [; is an admissible ideal in N and /;-convergence coincides

with the statistical convergence.

[v] Let
I; = {ACN:§(A) =0}
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Zweier I-Convergent Sequence Spaces and Their Properties

Then [; is an admissible ideal in N and we call the /s-convergence

the logarithmic statistical convergence.

[vi] The examples [iv] and [v] can be generalised by choosing ¢, > 0,

such that
Z Ccn, = +00.
n=1
Putting
> G
h(A) = Z2E4 (m=123.....) .

D Ci
i=1
Denote by h(A) the lim,,, .o A, (A). Then
I, = {ACN:h(A) =0},

is an admissible ideal in N and /; and [s-convergence are special

cases of [, convergence.
[vii] Let u(A) denotes the uniform density of the set A. Then
I, ={ACN:u(A) =0},

is an admissible ideal in N and /,-convergence will be called the

uniform statistical convergence.

[viii] LetT = (t,x) be a non-negative regular matrix, then foreach A C N

the series
dy(A) = Ztn,kXA(k?) (n=1,2,3......) ,
k=1

converges if there exist

dr(A) = lim d(A).

n—o0
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Chapter 1 Basic Definitions and Notations

Then dr(A) is called the T-density of A. Putting
I, ={ACN:dr(A) =0},
then I, is an admissible ideal in N.

Let v be a finite additive measure defined on a class U/ of subsets of N
which contains all finite subsets of N and v({n}) = 0 foreachn € N.
v(A) <v(B)if A,B €U, AC B. Then

I, ={ACN:v(4) =0}
1s an admissible ideal in N.

Let j,, : 2 — [0, 1], m=1,2,.... be finitely additive measures defined
on 2V If there exists

p(A) = lim i, (A),

m— 00

then 11(A) is called the measure of A, and
I, = {ACN: u(4) = 0},
is an admissible ideal in N.

Let
N=JD;.
j=1

be a decomposition of N (i.e Dy N D; = ¢ for k # [). Assume
that D;(j = 1,2,....) are infinite sets. Choose D; = {277%(2s —
1) : s = 1,2...}. Denote by J the class of all A C N such that A
intersects only a finite number of D;. Then it is easy to see that 7 is

an admissible ideal in N.

The concept of density p of sets A C N is axiomatically introduced.

Using this concept we can define the ideal

I,={ACN:p(A) =0},
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Zweier I-Convergent Sequence Spaces and Their Properties

and obtain [,-convergence as a generalization of statistical
convergence.

Relation between I-Convergence and p-statistical Convergence 1.22.

The approach of Connor[7-9] towards the generalization of statistical
convergence is based on using a finite additive measure j defined on the
field I' of subsets of N with u({k}) = 0 for each £ € N and such that
A,Bel,AC Bimplies u(A) < u(B). If we put

I={Ael:pulA) =0},

then it is easy to verify that / is an admissible Ideal in N and

£(I)={BCN:uB)=1}.

Conversely, if I is an admissible Ideal in N, then we put

I'=1U£().

Then I' is a field (Algebra) of subsets of N. Define p : I' — {0,1} as
follows:

p(M)=0 if Mel
p(M) =1 if M e £(I).

Now it is easy to see that I N £(I) = ¢ and pu({k}) = 0. Also the
monotonicity and additivity of y is preserved. Hence these two approaches
towards generalization of statistical convergence seem to be equivalent in

such a sense that each of them can be replaced by the other.
Fundamental arithmatical properties of I-convergence 1.23.

[-Convergence has arithmatical properties similar to the properties of the
usual convergence.
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Theorem 1.24. Let I be a non-trivial ideal in N

() f I —limz, =¢&, I —limy, =n, then I —lim(z, +y,) =& + 7.
(i) f I —limz, =&, I —limy, = n, then [ — lim(z,,.y,) = &.1n.
(ii1) If 7 is an admissible ideal in N, then lim,, ,, x,, = £ implies

I —limz, =&

Definition 1.25. A sequence (z3) € w is said to be I-convergent to a
number L if for every ¢ > 0. {k € N : |z — L| > €} € I. In this case we
write I — limz;, = L. The space ¢’ of all I-convergent sequences to L is

given by
' ={(zx) ew:{keN: |z, — L| > ¢} €I, forsomeLe C}.

Definition 1.26. A sequence (zj) € w is said to be I-null if L =0 . In

this case we write [ — lim x;, = 0.

Definition 1.27. A sequence (z;) € w is said to be I-cauchy if for every
€ > 0 there exists a number m = m(e) such that {k € N : |z, — z,,| > €} €
I.

Definition 1.28. A sequence (z;) € w is said to be I-bounded if there
exists M >0 such that {k € N : |z;| > M} € I.

Definition 1.29. A map & defined on adomain D C Xieh: D C X —
R is said to satisfy Lipschitz condition if |h(z) — h(y)| < K|x — y| where
K is known as the Lipschitz constant. The class of K-Lipschitz functions
defined on D is denoted by / € (D, K).

Definition 1.30. A convergence field of I-convergence is a set

F(I)={z = (2x) € lw : there exists I — limz € R}.

Science Publishing Group 17



Zweier I-Convergent Sequence Spaces and Their Properties

The convergence field F'(I) is a closed linear subspace of [, with respect

to the supremum norm, F(I) = I, N ¢!,

Define a function & : F(I) — R such that A(x) = I — limz, for all
x € F(I), then the function . : F/(I) — R is a Lipschitz function.

Definition 1.31. A sequence space F is said to be solid or normal if
(apxy) € E whenever (x;) € FE and for all sequence oy, of scalars with
lag| < 1forall k € N.

Definition 1.32. A sequence space L is said to be a sequence algebra if
(xx) * (yx) = (zryx) € E whenever (xy),(yx) € E.
Definition 1.33. A sequence space F is said to be convergencefree if
(yx) € E whenever (z;) € E and z;, = 0 implies y;, = 0.

Definition 1.34. A sequence space F is said to be symmetric if () € E
implies (xrx)) € E where 7 is a permutation on N.

Definition 1.35. A sequence space F is said to be monotone if it contains
the canonical preimages of its step spaces. (c.f.[2], [4], [6], [10], [17], [47],
[48-49], [53-54], [60-61], [65-66], [70], [71-773], [74], [74], [76]).
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